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Abstract 

Four-point correlation functions of hypermultiplet bilinear composites are analysed in A'^ = 
2 superconformal field theory using the superconformal Ward identities and the analyticity 
properties of the composite operator superfields. It is shown that the complete amplitude is 
determined by a single arbitrary function of the two conformal cross-ratios of the space-time 
variables. 
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1 Introduction 



In this paper we examine in detail the constraints imposed by superconformal invariance and 
analyticity on four-point correlation functions of analytic operators in four-dimensional super- 
conformal field theories with N = 2 supersymmetry. The analytic operators under consideration 
are gauge-invariant products of hypermultiplets which are represented by analytic superfields in 
N = 2 harmonic superspace. Analytic superfields obey a generalised chirality-type constraint 
and depend holomorphically on the coordinates of the two-sphere which is adjoined to Minkowski 
superspace to form harmonic superspace. The definition of analyticity is given in more detail 
below. 

The sphere can be thought of as the homogeneous space U{1)\SU{2) and fields carry a charge 
with respect to the U{1) isotropy group of this internal space. We shall be particularly interested 
in the case where each of the operators has charge 2. These operators are hypermultiplet bilinears 
and also have dimension 2. For the particular case of = 4 super Yang-Mills theory (SYM) 
there is a single hypermultiplet transforming under the adjoint representation of the gauge group 
and from this and its conjugate one can construct three charge 2 analytic bilinears. They can 
be viewed as = 2 components of the A^ = 4 supercurrent, so that the corresponding four- 
point correlation functions give N = 2 projections of the A^ = 4 four-point correlator of four 
supercurrents. This correlator, or particular spacetime components of it, has been much studied 
in the context of the Maldacena conjecture Q on both the AdS ^ and field theory sides |^, 

The study of correlation functions of the above type in the harmonic superspace setting has 
been advocated in a series of paper s M, [6|| p]. The exact functional forms for two- and three-point 
functions were given ^ (see also ||S|, ) and it was later argued that the coefficients of such 



correlators in A^ = 4 should be non-renormalised |21| using analytic superspace techniques, the 
reduction formula and the notion of U{1)y symmetry introduced in |12]. (For the supercurrent 
correlators this non-renormalisation can also be seen as a consequence of anomaly considerations 
|p!o| , P].) It was also conjectured that four-point correlators of operators with sufficiently low 
charges might be soluble However, in spite of the claims made for future work in these 

references, this turns out not to be the case and one purpose of the present work is to give the 
precise result that one finds for four charge 2 operators, which are known to be non- trivial [|,|. 
As we shall show, the requirement of analyticity leads to additional constraints beyond those 
that one might expect on grounds of superconformal symmetry alone, but these are not enough 
to determine the correlation function completely. Elsewhere the result for charge 2 operators has 
been used to simplify the computation of the four-point function at two loops in perturbation 



theory |13]. 



The work described here has been carried out over a period of several years and has focused 
on four-point functions of operators with equal charges. As we have just mentioned, these 
results are not as strong as had been conjectured. More recently, however, it has become 
apparent that more striking results can be obtained by considering asymmetric sets of charges. 
In the methods of the present paper were used to show that four-point extremal correlators 
(P4 = Pi + P2 + P3, Pi = charges) are simply given by products of free two-point functions. A 
discussion in A^ = 1 perturbation theory is given in Since the analogous result had already 



been found in AdS supergravity (see also |]16|), this also established a part of the Maldacena 
conjecture. So, although the initial conjectures of ^ for equal charges have turned out to 
be incorrect, perhaps it is not unreasonable to claim some partial vindication for the initial 
optimism in the light of the fact that the very same strategy gives a good way of proving the 
recent results for extremal correlators in a field-theoretic setting. 

The analysis of analytic operators and correlation functions can be carried out in two equivalent 
frameworks each having their own distinctive features. One can either work in analytic super- 
space (with complexified spacetime) using explicit coordinates, or one can work in harmonic 

■^For an analysis of superconformal field theories in Minkowski superspace see, for example, 



1 



superspace (with real spacetime) using an equivariant formalism with respect to the internal 
SU{2) symmetry group. In the former approach, all the coordinates appear on an equal footing. 
This makes the action of the superconformal group is more transparent and facilitates the con- 
struction of invariants. Further, analyticity (or the lack of it) is manifest. In the latter approach 
the internal SU{2) is treated covariantly, so that explicit coordinates for the sphere do not have 
to be introduced. In addition, harmonic analyticity can be interpreted as an irreducibility con- 
dition under SU{2). This allows one to limit the analysis to the first two non-trivial levels in the 
6 expansion of the correlator. We shall employ both methods in this paper, using the analytic 
formalism in section 2 and the covariant formulation in section 3. 



2 Coordinate approach 
2.1 Analytic superspace 

N = 2 harmonic superspace, first introduced in is the product of = 2 Minkowski 
superspace and the two-sphere S'^ = CP^. A field on this space can be expanded in harmonics 
on the sphere with coefficients which are ordinary N = 2 superfields. A general superfield on 
N = 2 harmonic superspace is therefore equivalent to an infinite number of ordinary superfields, 
but, if a superfield depends holomorphically on the coordinates of the sphere, it will have a finite 
expansion in ordinary superfields due to the fact that spaces of holomorphic tensors on the sphere 
are finite-dimensional. Such a field is called harmonic analytic (H-analytic) . In addition one can 
define a generalised notion of chirality, called Grassmann analyticity (G-analyticity) such that 
a G-analytic field depends on only half the number of odd coordinates of the full superspace. A 
field which is both H-analytic and G-analytic will be called analytic. 

An alternative description of analytic superfields on complexified Minkowski superspace is in 
terms of (holomorphic) fields on analytic superspace, a space with half the odd dimensionality 
of harmonic superspace. It bears a similar relation to harmonic superspace as chiral superspace 
does to Minkowski superspace. 

Analytic superspace is a homogeneous space of the complexified N = 2 superconformal group, 
S-L(4|2) (for a review of various homogeneous superspaces in this context see [p!9| ). This group 

acts naturally (to the left) on = 2 supertwistor space C^'^, and the coset we are interested 
in has the geometrical interpretation as the Grassmannian of (2|l)-planes in twistor space. The 
body of the whole of this Grassmannian is compact, whereas we are interested only in the 
usual, non-compact Minkowski spacetime. The body of the actual space we shall work with will 
therefore be restricted in this sense, although its internal part, CP^, remains compact. This 
is similar in spirit to regarding C as an open subset of CP^ obtained by omitting the point at 
infinity. We shall be a bit more precise about this below, after we have introduced appropriate 
local coordinates. 

In the usual basis for N = 2 supertwistor space the first four elements correspond to the even 
part and the second two to the odd part. If we instead make a choice of basis ordered in the 
sequence two even, one odd, two even, one odd, the isotropy group, H, of analytic superspace 
will consist of supermatrices of the simple form 

(1) 



Here each entry represents a (2|1) x (2|1) supermatrix and the bullets denote non-singular such 
matrices. The superdeterminant is constrained to be 1. In this basis it is reasonably clear that 
the coset space H\SL{4:\2) is indeed the Grassmannian of (2|l)-planes in C^'^. 
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Using standard homogenous space techniques we may choose a local coset representative s(X),X G 
Ma (analytic superspace) as follows: 



Ma3X^ s{x) = ( i f ) e Sim (2) 



1 

and again each entry represents a (2|1) x (2|1) supermatrix. The components of X are given by 

-^(^TT) (3) 

where a, a are two-component spinor indices, x is the spacetime coordinate, A and n are the 
odd coordinates and y is the standard coordinate on CP^. (We shall occasionally use index 
notation X^^ for the coordinate matrix X.) As we mentioned above, we want the body of our 
superspace to consist of non-compact spacetime together with a compact internal space, CP^. 
The full space we are interested in can be covered by two open sets corresponding to the two 
standard open sets of the sphere. If wc denote these two sets by U and U', and put primes on 
the coordinates for U' we find that the two sets are related as follows on the overlap: 



x' = X — 



Att 

y 



y 
1 



tt' = -vr 



y 

y' - \- (4) 

We see that the odd coordinates and the coordinates of the internal space together parametrise 
C^^'^-*, so that the whole space has the form of an affine bundle of rank (4|0) over CP^^I^^. 

Superconformal transformations can be discussed straightforwardly using standard homogeneous 
space methods. Under a superconformal transformation X ^ X ■ g, g E <S'L(4|2). The trans- 
formed coordinates X ■ g are determined using the formula 

s{X-g)=h{X,g)s{X)g . (5) 

The role of the compensating transform h{X, g) (an element of H) is to restore the form of the 
coset representative s{X) after right-multiplication by g. For an infinitesimal transformation 
specified by ^ G 5l(4|2), the Lie superalgebra of 5^(412), we have 

5X = B + AX + XD + XCX (6) 

with 

An analytic field of charge p is a field (p on analytic superspace which transforms under an 
infinitesimal superconformal transformation according to the rule 
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5(I) = V(I) + pA(j) 



(8) 



where V is the vector field generating the transformation, V = 6X-^, and A := str(^ + XC). 
The free, on-shell hypermultiplet is such a field with charge 1 and will be discussed in more 
detail below. In an interacting theory, the on-shell hypermultiplet is covariantly analytic, but 
gauge-invariant products of hypermultiplets are analytic in the above sense with charges equal 
to the number of hypermultiplets in the product. 

For completeness we reproduce here the explicit expressions for the vector fields corresponding 
to the different types of superconformal transformation. From (P) one can read off the vector 
fields for each of the parameters. They divide into translational {B), linear {A, D) and quadratic 
(C) types. The translations are ordinary spacetime translations, half of the Q-supersymmetry 
transformations and translations in the internal y space, CP^. The corresponding vector fields 
are 



^AA' = -qJ^ ■ (9) 

The linearly realised symmetries are Lorentz transformations {SL{2) x SL{2)) in complex space- 
time) and dilations, internal dilations, i?-symmetry transformations, the other half of the Q- 
supersymmetries and half of the 5'-supersymmetries. The Lorentz transformations are handled 
in the usual way so that we do not need to write them down. The vector fields generating 
dilations {D), internal dilations {D') and i?-symmetry transformations are 



V{D) = x"°a«^ + i(A"'a<, + 7r°9^) , (10) 
V{D') = ydy + ^iX'^do^ + n'^da) , (11) 

ViR) = X'^da - TT'^da ■ (12) 



The vector fields generating linearly realised Q-supersymmetry are 



V{Q)a = TT'^daa+ydc., (13) 

V{Q)a = X'^daa-yda, (14) 

while those generating linearly realised S'-supersymmetry are 

v{sr = x""a« + A"aj,, (15) 

V{Sf = X'^'^da - TT^dy . (16) 

The remaining supersymmetry transformations are the non-linearly realised /S-supersymmetries 
generated by 

V{S f = x^^Ti^d^^ + x^^ydp - vr^vr'^a^ - n^ydy , (17) 

V{ST = -X^x^^df^i - X^X'^dp + yx'^^d^ + yX'^dy . (18) 
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Finally, we have conformal boosts (K) and internal conformal boosts (K') generated by 



V{K') = xf^TT^df^^ + Xf^ydp + yTT^d^ + y^dy. (20) 



The function A is non-zero in the following cases: 



A{D) 


= 1, 


A{D') 


1 

~2' 


A{Sf 


= tt", 


A(S)° 


= -A" 


A(i^)°" 


= x"^ 


A{K') 


= -y ■ 



(21) 

In these lists for V and A we have omitted the parameters which of course have the opposite 
indices to those displayed. The parameters can easily be restored, but this should be done from 
the left in order to get the right signs. 

2.2 Analytic fields 

We recall that a holomorphic tensor field of charge p on CP"*" is given by two local functions 
a, a' on U, U' respectively, such that, in the overlap 



Expanding both sides in power series in their respective variables, equating powers of y{= ^ 



n=p 



a{y) = yPa'{y') (22) 
I thei 

and demanding the absence of poles we find 

a(2/) = ^any". (23) 

n=0 

and similarly for a'(y'). The two expansions are related by 

an = a'p_„ . (24) 

Hence the space of tensor fields of charge p is a finite-dimensional space with dimension p + 1 
which can be identified with the space of pth rank totally symmetric tensors under SL{2). 

In a similar fashion we define an analytic superfield of charge p on Ma to be specified by two local 
holomorphic functions (?!)(x, A, vr, y) and 0'(.x', A', vr', y') defined on the two standard coordinate 
patches U, U' respectively, such that, in the overlap 

</)(x,A,7r,y)=yW,A',7r',2/')- (25) 
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If we now expand both sides in the odd variables and in y or y', we obtain restrictions on the 
component functions. For example, the zeroth order term in Att is an x-dependent charge p 
holomorphic tensor on CP^, the component of A behaves like a tensor of charge p — 1 and so 
on. In addition, since the relation between x and x' involves a shift, spacetime derivatives will 
appear in the constraints. 

The basic superfield wc shall consider is the hypcrmultiplct. In this language this multiplet is 
represented by an analytic superfield (p of charge 1. Using the above method one can easily seen 
that it has only a short expansion: 

(f){x, A, TT, y) = (p{x, y) + X^^iaix) + T^'^Xa{x) + X'^Tr'^(paa{x) (26) 

Furthermore 

ip{x, y) = ifoix) + yipiix) (27) 

and similarly for ip'{x',y'), with 

ipo = (p'l, ipi = (p'o . (28) 

We also find 

'Pad = -dad^i; f>'ad = ^ad<^o • (29) 

In addition, the fields tpo, (pi,il^,x must all satisfy their equations of motion 



nipo = 0(pi = , 

5""Xd = 0. (30) 

This is the usual hypermultiplet with two complex scalar fields and two complex Weyl fermions, 
all of which are physical and on-shell. In the interacting theory, the on-shell hypermultiplet will 
be covariantly analytic, but gauge- invariant products of hypermultiplets will be analytic tensor 
fields of the type we have just described with charges 2, 3, . . .. For example, a field of charge 
two contains an independent vector field Vad, which is conserved, but there are no equations of 
motion. In other words a charge two field is a linear multiplet. 



2.3 Correlation functions and Ward identities 

In this section we consider the superconformal Ward identities for four-point correlation func- 
tions for analytic operators with charges Pi,P2,P3,P'i- We shall denote such correlators by 
< P1P2P3P4: >■ Note, however, that the operators are not assumed to be the same even if they 
have the same charges, in particular, we shall not impose any symmetry requirements on such 
correlators. 

If we assume that analyticity holds in the quantum theory, the superconformal Ward identity 
for such a correlator reads 



4 

^{Vi + PiAi) < PIP2P3P4 >= (31) 

1=1 
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The assumption of analyticity is tantamount to using the field equations of the underlying 
hypermultiplet at operator level. This should be reasonable provided that we keep the points 
separated. In the case of charge two operators, which is the main focus of this paper, the H- 
analyticity condition implies, as we noted above, that the superfield describes a linear multiplet 
with a conserved spacetime current. Analyticity can be examined directly in perturbation theory 
using the harmonic superspace formalism and has been verified in all the examples that have 
been looked at so far. 

We shall consider correlators of the above type which have non- vanishing leading terms. Further, 
we will specialise to correlators with four equal charges p. In this case we can write 

< pppp >= {g^2ng3i)PF (32) 
where gij is the free two-point function for charge one operators at points i and j, 

gij = sdetXr:^ = ^ (33) 

and F is an arbitrary function of invariants. Here Xij = Xi — Xj denotes the coordinate 
difference matrix for points i and j and 

Vij = Vij - vTijX.^.^ij (34) 

with the index convention that has a pair of subscript indices da. 
It is straightforward to check that gij satisfies the equation 

{V^ + Vj + A, + Aj)g,j=0 (35) 

so that the Ward identity for < pppp > will indeed be satisfied for any invariant F. 

It is not difficult to see that there must be more N = 2 analytic superconformal invariants than 
there are spacetime conformal invariants for four points. If we expand F in the odd variables A 
and vr the leading term must be invariant under spacetime conformal transformations and also 
under conformal {SL(2)) transformations of CP^. At four points there are two independent 
spacetime (x) cross-ratios and one independent internal (y) cross-ratio, so that there should 
be at least three independent analytic superconformal invariants at four points. In fact, there 
are no more. Any additional independent invariant would have to be nilpotent, but one can 
easily show that there are no such invariants at four points. The reason is essentially due 
to counting; there are 4x4= 16 odd coordinates which is precisely equal to the number of 
supersymmetries in S'-L(4|2). On a putative nilpotent invariant these supersymmetries behave 
essentially like translational symmetr! ies so that any possible leading term must vanish. In 
more detail, suppose that F is a nilpotent four-point invariant. It can be written Fq + ... where 
Fo is the term with the lowest power of Avr. By examining the supersymmetry transformations 
directly one can see that the first term in the variation of F involves only Fq. Furthermore, 
again by looking at each transformation in turn, one finds that setting this first term in the 
variation equal to zero (because F is an invariant) leaves no possible solutions for separated 
points. Consequently one concludes that there can be no nilpotent invariants. This argument 
is presented in detail in 

It was shown in Q that non-nilpotent analytic superspace superconformal invariants can be 
expressed in terms of superdeterminants and supertraces of the coordinate differences Xij. For 
the case in hand a possible choice of three independent invariants is given as follows: we take 
two super cross-ratios 
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^ ^ sdctXi4sdctX23 ^ ^ sdetXi3sdetX24 

sdetXi2sdetX34 ' sdetXi2sdetX34 

and one supertrace invariant 

U = stv{X^^'X23X^'X4i) . (37) 
The invariants S and T may be expressed in terms of the spacetime cross-ratios 

s = ^14^ , t = ^ife (38) 

'^12'*'34 •^12-^34 



and the internal cross-ratio 



V = ™^ (39) 

2/122/34 



in the form 



S=T , T = 4 • (40) 

V w 

Here = ^^'^^^'^ = 1 + 1;, and the hats on v and u) are defined by hatting each of the v variables 
in their definitions, 

yums . ^13^24 

V = - — z — , w = - — 2 — • (41) 

yuyu 2/12^34 

We may write 

w = l + v + Aw (42) 
and express the third invariant U in the form 

U = l-t + s + v + AU. (43) 
Both AW and AU are nilpotent quantities. The explicit expressions are as follows: 



Ai7 = - — — ( - yi2n2X32A2 + y34nia;23Ai 

2/122/34 V 

+2/23 (Hix^iAi - n2X^4A2 - nix^iA2 + 02^4^1) 

+(nia;23A2)(n2a;23Ai)) (44) 
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Aw = - — — ( - yi2n2a;32A2 + y34niX23Ai 

-(nixiiAi)(n2xi4A2)) (45) 
where we have used the convenient shorthand 



(46) 
(47) 



The odd variables are defined by 



Al. = (X12)^^?2 - (^23)^^Af3 , 

A2d = (X23)«^A^3 - (X34)^^A^4 (48) 



and, similarly, 



nia 

n2a 



7rf2(a:i2)^^-7rf3(^23)da 



aa ' 
1 

'aa ■ 



(49) 



Now the crucial point is the following: each of the operators in the correlator can be expanded 
as a polynomial in y, so that the correlator is manifestly analytic in the y variables. On the 
other hand, each of the invariants depend on the y's in a rational manner so that one might 
expect the absence of singularities to impose further constraints on F. These constraints will 
clearly depend on the charges involved. For the correlator < pppp > the lowest term in F must 
be of the form 



F|A=7r=o = aQ + aiv + ... ap+iu^^ (50) 

where each of the a's depends on the cross-ratios ,s,t. The question then arises whether there 
are further constraints on the coefficient functions at higher orders. It is clear that the lower the 
charge the more constrained F must be. For charge one, there are no gauge-invariant operators, 
so the simplest interesting case to examine is charge 2 to which we turn in the next section. 



2.4 Analyticity analysis 

In this section we analyse the constraints imposed by H-analyticity on the four-point function 
of four charge two operators (not necessarily the same). It can be written 

< 2222 >= ^f^F{S, T, U) (51) 

^12^34 
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The invariants S, T, U are convenient from some points of view - it is easy to see that they are 
invariants, and they have concise exphcit forms. Requiring H-analyticity imphes that F should 
have no singularities in (yi3, yi4, y23i 2/24) and that it can have poles up to order two in (2/12, 2/34) 
(if we had charge p operators this would become order p). Since (2/122/34) occurs as a denominator 
in S~^,T~^ and U the regularity of the correlator will lead to constraints for F. 

Note that regularity in the hatted variables is equivalent to regularity in the unhatted ones: if 
we demand that the whole correlator be a polynomial in the hatted 2/'s and write, for example, 
yi2 = 2/12 + ^12, then a Taylor expansion will produce a polynomial of the same degree in the 
unhatted 2/'s, because the 5's are non-singular and 2/-independent. 

Clearly, H-analyticity should hold at each order in the odd variables separately. We shall carry 
out the expansion in two steps: we first expand in the nilpotent quantities AU, Aw and then 
express the latter in terms of products of spinors. We will here refer to the order in AU, , Aw as 
"level" in order to distinguish the first from the second step. The main technical problem one 
faces in this approach is to compute which of the various products of the form (Au)''^ {Aw)'^ are 
independent for each fixed value of p + q, i.e. at a given "level" . 

From the point of view of expanding in odd variables it is helpful to think about an equivalent 
set of invariants, S', T' , V, which are defined to have leading terms s, t and v respectively. These 
invariants are expressed in terms of S, T, U by 

S' = SV, T' = T(l + y), y = ^±^ (52) 

Since we have 



S' = s + ... (53) 
T' = t + ... (54) 
V = v + ... (55) 

it follows from (^Tj) that we may write F in the form 

F = ai(5', T') + 02(5', r)V + 03(5', r)V^ . (56) 

This expression clearly meets the lowest level requirements of analyticity for charge 2 and shows 
that the dependence on the third invariant V is thereby fixed. The objective now is to Taylor 
expand F about S' = s,T' = t and V = v. However, since the original set of invariants is easier 
to evaluate explicitly, we shall convert the Taylor expansion back into these variables as we go. 
In this way we arrive at a power series in the nilpotent quantities AU and Aw. We will then 
express both of these and the coefficients that accompany them in terms of the set of coordinates 
(xi2, X23, X34, yi2, ^23, ^34, Ai, A2, Hi, n2). These variables are convenient in the sense that they 
are invariant under translational Q-supersymmetry and linear S'-supersymmetry, and in addition 
they involve no 2/-singularities. Furthermore, as noted above, the difference between y and y is 
non-singular so it is permissible to study analyticity in the latter rather than the former. 

The Taylor expansion of F is then 



F{S,T,U) =Fo + AU{duF) + Aw{-^dTF) 

\AU\dlF) + AUAwi-^^dudrF) + ^Aw^^d^^^F + 2^5tF) + ... (57) 

where Fq is F{S' ,T' ,V) evaluated at {s,t,v). Clearly 
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Fo = ai{s,t) + 02(5, + 03(3, t)v'^ . 
In the new variables the partial derivatives, evaluated at {S',T',v), are 



(58) 



du 



R 

(1 + ^) 
R 



{D + Rdt 



(59) 



with 



R = s + v 



l + v 



D = sds + vdi, + -^dt . (60) 

l + v 

Here v has been replaced by v because we wish to use the Taylor expansion about the point 
(s, t, v). We will almost always multiply R and D hy €) = 1 + v m. order to avoid the singularity 
in their denominators. Note that DR = R. 

We shall refer to the expressions in round brackets multiplying a certain power Af/^Azi''^ in 
(|57| ) as "component functions" . The expansion ends at fourth order, because AC/, Atu are R- 
symmetric and are therefore power series in (HA). Since the spinors are two-component objects 
and since there are two II's and two A's it follows that the highest possible power is (IIA)^. 

Let us investigate the linear level in the Taylor expansion. We ask whether singularities in AC/ 
and Al^ can conspire to cancel or whether the latter are independent objects. The component 
functions depend on s,t,v, which yields a linear dependence problem with coefficients in the 
ring of functions of s, t, v. 

The functional form of these coefficients can be made much more explicit. Given the form of 
F (^), by commuting all -R's to the left and all dts to the right we can show that the general 
component functions at A:-th level have the form 

2+2k 



{w{wR))>' 



Y,(^n{s,t)r. (61) 



?i=0 



The extra factors w in the denominator are introduced by the coefficients of the dx derivatives 
and obviously factor out in the pure {djj)'^ component functions. A direct computer calculation 
shows them to cancel in the other components, too. Without enhanced factorisation abilities this 
point is hard to show and therefore we keep the ?D's in the scheme. Incidentally, by introducing 
r = 1/T the component functions can be more easily computed: They are simply 

^d^rd^F. (62) 

We now examine the first order independence problem in detail. We work to lowest order, so 
the hat on v is left out in the following and Rq denotes the body of R. For charge two operators 
analyticity requires that there be functions of (s, t) for AC/ and Aw such that 
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4 4 

Af/ conis, t)v^) + Aw —1— {J2 cinis, t)v^) = 0{ \ ) (63) 

^(^^o) ^ w{wRo) ^ (yi2y34)^ 

with = 1 + f . 

Spinors occur in AU,Aw in combinations of the form (JIxx"^ xA). Minkowski space is four- 
dimensional; a basis consists of four independent elements. In order to express the various 
x-triples in a given basis, we use 

Xjx] + Xjxl = 2{xi.Xj) 5 (64) 

to commute xi2 left of 2:23 left of 2:34. ((xj.Xj) means the dot product of the associated 
four- vectors.) In this way the spinors are seen to be contracted on elements of the basis 

{xi2,X23,xu, a;i2a:232;34}- 

There are two Ilj and two Aj so that we get a total of sixteen independent structures at first 
order in (HA). A dependence relation between AU and Aw is a linear combination with scalar 
coefficients which is of a certain order in y-singularities in all sixteen components separately. 
We restrict the analysis to the (niA2) part of the odd expansion: 

Af7|niA2 = ni(x|4 Xi2 + x\^ X2Z + xl^ ^34 + 2;i243^34)A2 , (65) 

A^lniAa = -^^^ni(x|4Xi2 +xf2X34 + Xi2x|3X34)A2 (66) 

which we write in short as 



A^ln.A. = -^niX^A2, (67) 
Aw\n,K,= -^niX»A2. (68) 



On Minkowski space we change basis to {X^/, X^, xi2, 2^34} upon which the equation (33) breaks 
into two separate parts. We can omit the spinors and the x-vectors from the discussion as they 
have to be equal on both sides of the equations. This leads to the scalar equation 

4 

- (E ^n{s, t)v^ = {l + v){s + v{l + s-t)+ v^)0{-——^) (69) 

yi2y34 ^ [yuysAr 

for both the AU and AW parts. 

Instead of the variables {2/121^231^34} we may choose the set {v,Yp = ^23/(^12^34)1 ^23}- The 
Jacobian of the transform is 

J=rr^^^(yi2-m) (70) 
(yi2 y34)-^ 



and is regular at a generic point. Given this choice, the L.H.S. of ( pOD is independent of 1/23 
and factors out a single power of Yp. We can conclude that the same is true for the R.H.S. and 
hence the as yet unspecified term is a function of s,t,v of maximum order 1/(^122/34)- It must 
be a polynomial of degree 1 in v. 
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It follows that the ansatz polynomial on the L.H.S. factors in the same way and w{wRo) cancels 
from the equation. The only solution of the regularity problem at first order is therefore the 
trivial one: 



AC/ (V gn{s, t)v^) + Aw hn{s, t)v^) = 0(--i-— ) (71) 

This is a general solution because AU and Aw are not more singular than 1/(^12^34) in any 
of the components w.r.t. the sixteen independent structures at first order. By inspection, the 
higher order terms arising from the second order in AU, AW and from the soul of v will also be 
regular. 

Let us state the result again: The explicit forms for the level one component functions in the 
Taylor expansion ( |57| ) must have the dependence on v indicated by the above equation. Hence 

91 + V92 (72) 



R 
and 

iD + Rdt)Fo 

— = hi+ vh2 . (73) 

wR 

We ought to stress that the proof makes use of certain regularity assumptions. Throughout the 
calculation we have assumed the x-scalars and in particular s and t to be regular. Hence none 
of the four points can be light-like separated in Minkowski space. This can possibly be relaxed. 
A necessary assumption is certainly that the vector basis is non-degenerate, so in particular the 
points do not coincide. For the y-coordinates we must also demand that the points are distinct. 
For the Jacobian (fTOj ) to be non- vanishing we additionally need yi2 7^ ^34. 

If 2/34 = cnyu we can change from {2/12,2/23} to {2/23/(02/12)) v}. In this case (|6^ ) still has the 
same consequences: The prefactor must occur on both sides and drops out. The unknown part 
on the R.H.S. is a function of s,t,v as before. The Jacobian of the transformation is 

J=^^((l + «)yi2 + 2y23) (74) 
a 2/12 

and hence is regular if the points do not coincide and yi2 is not proportional to y23, so if there 
is more than one difference variable. The argument holds in fact as long as two of the ytj are 
independent. Otherwise w is a constant and there is nothing to discuss. 

The generalisation of the independence problem (|6^) to the higher levels like AC/^, AUAw, ... 
is obvious. We have investigated this in the same manner to lowest order and we find that the 
spinor combinations are not independent. Additionally, the simple argument does not apply, 
which allowed us to ignore higher orders stemming from the lower level terms in the Tay lor 
expansion (^7[). These terms define a non-trivial right hand side in the equivalent of ( |63l) in 
the levels above. Due to linearity it suffices to find one special solution to this inhomogeneous 
problem which is to be added to the general solution of the homogeneous one. 

To analyse equation (^2|) we begin by multiplying it by (1 -|- v)R which gives a polynomial 
equation in v. This allows us to express the unknown functions §1,92 in terms of oi, 02, as, 

9i = ais , 92 = a-is + oit - 02* + 03* (75) 
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where the hteral subscripts denote partial derivatives. This leaves two first-order partial differ- 
ential equations for 01,02,03, 



{t - s - l)au + (t - s)au + s{a2s + a2t) + 02 - sa^t = , 
-ois - ait + a2t + sa3s + (t - 1)03* + 203 = . 



(76) 



If we make the change of variables 



oi = a + 'y + sa3 , 

0.2 = J+ {s — t + 1)03 



(77) 



with 03 unchanged, we find that 03 drops out of the above equations altogether - it is completely 
undetermined. The equations are satisfied if 



This pair of first-order coupled differential equations can be equivalently rewritten as a set of 
second-order independent ones: 



Note that in the correlator there is still one arbitrary coefficient function (03(5, t) for this choice 
of variables) in addition to the solutions to these equations. 

When carrying out this type of analysis for the higher level regularity problems, we find that the 
dependence relations between AU'^ etc. introduce so many unknowns into the equations that 
no new constraints arc found. We have done these calculations for operator weight one through 
three with the result that the only constraints arise from the first level. 



3 5C/(2)-covariant approach 

In this section we explain how the four-point function results obtained in the first part of 
this paper can be found in an independent way in a harmonic superspace formulation which 
maintains the explicit SU{2) covariance. The technique is quite different, the main point being 
that here we shall keep Q supersymmetry (including its SU (2) automorphism) manifest at each 
step. However, S supersymmetry, as well as harmonic analyticity will have to be checked level 
by level in the 9 expansion of the foTir-point function. The advantage of this approach is the 
possibility to reformulate the H-analyticity condition in an equivalent way which will allow us 
to essentially eliminate the dependence on the G-analytic Grassmann variables. After this the 
constraints at levels 1 and 2 become sufficiently easy to work out. Moreover, it becomes obvious 
that there are no constraints beyond level 2. 



as + at + js = , 
i7t + 7 + (1 - s)at - sag = . 



(78) 



sags + tatt + {s + t- l)ast + 2(0^ + at) = , 
SJss + tjtt + {s + t - l)jst + '^ils + It) = 0. 



(79) 
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3.1 SU{2) harmonics and Grassmann analyticity 



As discussed in the previous section N = 2 harmonic superspace is the product of super 
Minkowski space (coordinates {x^ ~ and the two-sphere. However, in this sec- 

tion, rather than using exphcit coordinates (y, y) for the sphere, we shall use an alternative 
approach first proposed in in which the sphere is described by harmonic variables uf^ de- 
fined as the two columns of an SU{2) matrix; the index i transforms under the (left) SU{2) and 
± under an independent (right) U{1) group. The components of u have the defining properties: 

, G SU{2) u- = {u+r , u+'ur = 1 (80) 

"2 ""2 

where the SU{2) indices are raised and lowered in the following way, /* = e*-'/j , fi = ^ijf-' with 
Eij defined by ei2 = — e^^ = 1. 

The harmonic functions f^iuf) are defined as singlets of the left SU{2) but they are homogeneous 
of degree q under the right U{1), i.e. carry a charge q. Effectively, such functions live on the coset 
SU{2)/U{1) ~ S"^ and are assumed to have a harmonic expansion on the sphere. A powerful 
feature of the coordinateless parametrisation of S"^ in terms of harmonics is the possibility 
to write down such expansions in a manifestly SU{2) covariant way, e.g., for q >0: 

00 

fi(u) = V /(^i-W,ii-Jn) + _ + uT ...uT . (81) 

n=0 

The coefficients in this expansion are totally symmetric multispinors, i.e. irreps of SU (2) of 
isospins q/2 + n , n = 0, 1, . . .. Thus, using harmonic variables allows one to deal with U{1) 
covariant objects without loosing the SU (2) symmetry. 

With the aid of u we can define Grassmann analyticity in an S'C/(2)-covariant way. We split the 
Grassmann variables 9°^, 9"^ into two U{1) projections, 

= uf9''', 9^^ = uf¥^ , (82) 

still maintaining the SU{2) invariance. We then define a G-analytic function (p on harmonic 
superspace to be one which satisfies 

= 5+</. = (83) 

where the U{1) projections of the super covariant derivatives are defined in a similar way. These 
constraints are solved by 

(/< = (/<(x^,0+",r°) (84) 

where 

„aa _ x"" -4i^(^"^^>U+U- (85) 



Xj^ = X 



with x""^ = x^a'^ . Clearly G-analyticity is a Q-super symmetric notion because it involves the 
super covariant derivatives. 

As explained in the previous section, complexified analytic superspace can be defined as a coset 
space of the complex superconformal group. Although this is not possible in real spacetime 
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we can nevertheless define a representation of the Lie superalgebra of 5f/(2,2|2) on G-analytic 
fields. For all practical purposes this amounts to taking infinitesimal SU{2) transformations 
(parameters A-''^) to have the form uf: 



6ut = (A^^+u+) uT , 



6u- 



. 



More generally, it is sufficient to treat the transformations of the harmonic variables uf^ with 
generators K, D, R, S, I as active ones. For instance, a harmonic function f^^\u) of weight p 
will transform as follows: 



i{v)i 



dp) I 



(87) 



so that the non-unitary transformation appears in the form of a derivative of a function of 
unitary harmonics. 

Henceforth we shall be dealing exclusively with G-analytic fields so that we can replace xa by 
X without loss of clarity. The actions of the supersymmetry transformations on the coordinates 
are given by 



-4iM-(e^"^+" + ^ 



and |25|1 



5sui 
6su- 



4i(x"^^+"7?^ - x'^^e+%)u- 



[4i(e+-r?^ + f?^0+°)n+]nr 



(89) 



{dsO are obtained by conjugation). From this one can compute the action of the rest of the 
superconformal algebra by commuting Q and S supersymmetry transformations. 



3.2 The hypermultiplet 



In this subsection we give the harmonic formulation of the hypermultiplet describing an SU{2) 
doublet of scalars /'(x) and a pair of Weyl (complex) spinors ^paix), (."^(x) on shell. Off shell 
it can only exist with an infinite set of auxiliary fields ||2^ . Such a set is naturally provided by 
the G-analytic superfield of U{1) charge +1: 



, e+, u) = F+(x, u) + ^+"^a(x, u) + e+E'^ix, u) + ... + {e+fie+fp-\x, u) . (90) 
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The components of this 9'^ expansion are harmonic functions with infinite expansions on S"^ (see 

F+{x,u) = f{x)ul + f'^''\x)u+u+u^ + ... 

P~\x,u) = p^'^^\x)uruju^ + ... (91) 

The coefficients in these expansions are ordinary fields belonging to different SU{2) representa- 
tions. All of them, with the exception of the physical fields P (x) , ipaix) , {x) are auxiliary, so 
they should vanish on shell. We need a way to write down a supersymmetric on-shell constraint 
on the G-analytic superfield q^{x,9^,6~^,u). 

The key to this on-shell constraint is provided by the notion of harmonic (H-)analyticity. The 
harmonic coset SU{2)/U{1) has two real (or one complex) dimensions, to which correspond the 
following harmonic derivatives: 



a++ = n+ — - a++n+ = , d++ur = n+ 



d_ 

du- 
d 



^"'^""^du^ ^ 9-n+ = nr, 3" < = . (92) 

These are Cartan's covariant derivatives on the coset. In our context this simply means that 
they preserve the defining condition n^*ti~ = 1. To them one may add the charge-counting 
operator 

By definition all harmonic functions are eigenfunctions of d^, d^f'^{u) = qf'^{u). 

An important point is that the three covariant derivatives above form an SU{2) algebra: 

[5++, a~] = a° , = ±2d^^ . (94) 

They can be regarded as the generators of right SU{2)ji rotations acting on the indices it of the 
harmonics uf. Thus, d~^^ is the raising and d the lowering operator of SU(2)fi (see (p2[)). 
This observation suggests the way to define short harmonic functions as highest weights of irreps 
of SU(2)ji. Thus, depending on the value of the U{1) charge, the condition 

has either a trivial solution or defines an irrep of isospin q/2. This property is a direct conse- 
quence of the general form (^ij) of the harmonic expansion on 5^ and of the action of d~^^ on 
the harmonics (19^ 



An alternative interpretation of the condition ( |95D is that of harmonic (H-)analyticity. Let us 



introduce stereographic coordinates on the sphere (see ||2^ for more detail): 
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^2 ^2 ) V^^Tyy V y 1 
Our harmonic functions f^iu) are by definition eigenfunctions of the charge "operator" d^: 

d''ny,y) = qf'{y,y)- (97) 

In this parametrisation the covariant derivative 5"*"'' becomes 

a++ = -(l + yy)|,-f90. (98) 
dy 2 



In these terms eq. (95) takes the form of a (covariant) harmonic analyticity condition: 



^ + ^^r = 0. (99) 
dy 2(1 +yy)^ ^ ' 

q 

It admits the general solution /'^(y, y) = {l+yy)~^ fo{y) where fo{y) is an arbitrary holomorphic 
function. Remembering that we are looking for solutions globally defined on the sphere it is not 
hard to show that for q < the only solution is /o = and for q > fo{y) must be a polynomial 
of degree q whose SU{2) covariant form is given in (|95|). 



It should be stressed that the above H-analytic harmonic functions are regular, i.e. well-defined 
on the whole of S'^. In practice one has also to deal with singular harmonic functions. A typical 
example we shall encounter in what follows is the harmonic distribution 

(100) 



(12) 
where 

(12) = ufuti = ?/2-;/l _ (;Lq1) 

V(i + yiyi)(i + 2/2^2) 

At first sight, it is a function of u"*" only, therefore one would expect df~^{12)~^ = 0. However, 
this distribution is singular at the point ui = U2, so it should be differentiated with care: 

5++74 = i^ + ym)ni + y2y2^'/'—^— 



12) dyi yi - y2 

= (i + 2/iyi)^^vr5(yi -^2) 

= (12-)(5(ui,n2) , (102) 
where we have used the well-known relation 

^-=i7T6{y). (103) 
dyy 

Note that the factor (12^) = ul^u^^ is needed for keeping the balance of charges on both sides 
of eq. (|102| ) in the S{2) covariant notation. 
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The conclusion from the above discussion is that the condition ( |95D is, on the one hand, the 
definition of a highest weight of an SU{2) irrep and, on the other hand, a harmonic analyticity 
condition on the sphere. This type of condition can easily be supersymmetrised in order to be 
applied to superfields such as the hypermultiplet (|9^) and we obtain the following operator 
invariant under Q supersymmetry: 

Z)++ = 5++ - liO+'^e+^daa (104) 

where daa = '^^adP I • 

Now, let us impose the (supercovariant) H-analyticity condition 

L>++g+(x,^+,^+,'u) = . (105) 



Inserting the expansion ( |90|) into eq. (105), we obtain a set of harmonic differential equations 



which are solved just like eq. (^). The result is the short (on-shell) hypermultiplet 

g+ = f\x)ul + ^+"^„(x) + (^) + 2i^+"^+"aaa/Xx)ur (106) 
where all the auxiliary fields have been eliminated and the remaining physical ones put on shell, 

□f (x) = ^ = = . 

So, in the case of the hypermultiplet the combination of G- and H-analyticities results in an 
on-shell superfield. Note that this result crucially depends on the C/(l) charge of the G-analytic 
superfield. For example, a superfield L++(x, 0^, 6'"'^, u) of charge +2 subject to the same H- 
analyticity condition 

= (107) 

describes an off-shell multiplet (the linear or tensor multiplet consisting of a triplet of real 
scalars, a divergenceless real vector, a Majorana spinor and a complex auxiliary field). For 
charges > +3 the H-analyticity condition simply cuts off the tail of auxiliary fields without 
imposing any constraints on the remaining physical fields. On the contrary, for charges < the 
condition is too strong and only admits a trivial solution. 



A very important observation is that the H-analyticity conditions (|10E| ) or ( |107D admit an 
equivalent form in terms of the harmonic derivative d . Remembering that and d are 
the raising and lowering operators of SU{2)^ and that the H-analyticity condition d~^^ f'^{u) = 
defines the highest weight of an SU{2)ji irrep of isospin q/2 (dimension q + 1), we immediately 
see the equivalence relation 

a++/'2(u) = ^ id~~y+^fiu) = Q (108) 



(alternatively, it can be derived by inspecting the harmonic expansion (pl[)). The supersymmet- 
ric version of the new form of the H-analyticity condition involves the operator 

D- = d- - 2^e~--e--^^^ + e--^ + . (109) 

There is a crucial difference between these two conditions, which we shall heavily exploit in what 
follows. The point is that singular harmonic functions of the type ( |100[ ) give rise to delta-type 
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singularities under d^'^ (see ( |102| )), whereas they can be differentiated as ordinary functions by 
d~~, e.g. 

d—-^ = . (110) 

(12) (12)2 V ' 

The explanation is that in the former case we deal with a derivative of the type d/dy = m5{y) 
and in the latter d/dy = — 

In the rest of this section we shall examine the non-trivial implications of H-analyticity combined 
with the requirement of superconformal covariance for correlation functions of charge +2. For 
that purpose we shall need the superconformal transformation properties of the superfields and 
operators we have introduced. The transformation law of the harmonic derivatives D^~^ and 
D can be found using Cartan's coset scheme pSl (or checked directly pHl): 



where 



and 



5D++ = -A++D\ 

6D— = -{D-~A++)D— (111) 



D++A = A++ , Z)++A++ = (112) 



A = a + kaax""^ + X'^u+uJ + Ai{e+"7ji^ + fiie+^)ur (113) 

is the superconformal weight factor. For completeness, besides the S supersymmetry parameter 
T] we have also included those of dilation a, conformal boosts and SU{2)c A*-'. Then it is not 
hard to check that the H-analyticity condition 

D++q+ = ^ {D—fq+ = (114) 
is covariant if the hypermultiplet transforms with superconformal weight -|-1: 

Sq+ = -X . dq+ + Ag+ (115) 

(here —A • d denotes the coordinate transformations). Similarly, the linear multiplet subject to 
the H-analyticity condition 

D++L++ = ^ {D—fL++ = (116) 

should have weight +2: 

6L++ = -A • + 2AL++ . (117) 
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3.3 Two- and three-point functions 



The simplest example of a two-point function is the hypermultiplet propagator 

G(i'i)(l|2) = (g+(l)<?+(2)) (118) 

where the superscript (1, 1) indicates the U{1) charges at the two points and ~ is a special 
conjugation on preserving G-analyticity [|l8|. It is defined as the Green's function of the field 
equation ( |105| ): 



D++G^^'^Hxi,9+,ui\x2,et,U2) = 6\xi-X2){ei-{u+u^)e+)^iu^u+)6{ui,U2) . (119) 

Naturally, like the hypermultiplet superfield itself, the Green's function should be G-analytic. 
The right-hand side of eq. ( |119| ) is the complete delta-function of the G-analytic superspace (as 
in eq. (102), the factors (n^'^tig ) and (n^'^tig ) maintain the balance of U{1) charges). Throughout 



this paper we assume that all the correlation functions are considered away from the coincident 
points where they usually have singularities. In this case the right-hand side of eq. ( |119| ) just 
vanishes: 

2)++c<(i,i)(l|2) = for points 1 / 2. (120) 

The same is of course true if we replace by -D^^. In other words, this two-point function 
is H-analytic away from the singular point. 

Another basic property of the hypermultiplet propagator is superconformal covariance. Accord- 
ing to the transformation law (115) of the hypermultiplet itself, the propagator transforms as 



follows: 

5G(^'1)(1|2) = -A • aG(^'i)(l|2) + (A(l) + A(2))G(^'^)(1|2) . (121) 

The combination of H-analyticity and the conformal properties of the propagator allow us to 
find the explicit expression for We start by examining the leading component of this 

superfield 

g^'^'\xl2,ui,U2) = G(i'i)(0+ = e+ = 0) . (122) 

Here we have taken into account translation and Lorentz invariance which tell us that the 
function must depend on the space-time invariant = (xi — X2)'^ . In the absence of the 
harmonic derivative = d^~^ , so the H-analyticity condition ( |120| ) simply tells us that g^^'^^ 
must be linear in uf (recall (p5[)). At the same time it is an SU{2) invariant, so the index i 
of ufj^ must be contracted with the other harmonic variable uf'. Given the charges +1 at both 
points, we conclude that the only such invariant combination of harmonics is (12) = uf^U2^ . 
So, g^^'^^ is reduced to 
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(I'l) = (12)5(x?2) . (123) 



The remaining function g{xi2) can be most easily determined by making use of the dilation part 
of the conformal group. The first component of the superfield is the physical scalar /*(x) 
which has conformal weight 1, and so does the leading term in the hypermultiplet propagator. 
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The harmonic factor in ( 123 ) is weightless, so we conchide that g = C /x\2- The constant C can 



be fixed by comparing with the standard scalar propagator and the result is 

Now, the less trivial part of the determination of the propagator G^^'^^ is completing it to a full 
superfield, i.e. restoring the dependence on 9^2- Here we shall use a trick which will prove very 
useful in the study of the four-point correlator in the next subsection. The two-point function 
is supposed invariant under Q supersymmetry (^), which acts as a shift of the Grassmann 
variables: 

(C')' = C" + <2.e^"'"- (125) 
It is then clear that by making a finite Q supersymmetry transformation with parameter 

iaA = ^0+-'° _ (126) 
(12) 1 (12) 2 ^ ' 

we can eliminate both 6^ and 0^: 

Q frame: (0+°'")' = [et""'^)' = . (127) 

In this frame the two-point function becomes independent of the Grassmann variables. In other 
words, it coincides with its leading component (124), G'^^'^^Iq = g^^'^"^ ■ Then we can go back 



to the original frame by performing the same finite Q supersymmetry transformations on the 
remaining coordinates]^ Such a transformation only affects the difference Xi2 and gives 

4? 

= ^12 + (Y^[(l'2)e+0"+ + (2-1)^2+0"+ + QtQt + ^tnr'^ ■ (128) 

By construction, this modified coordinate difference is invariant under Q supersymmetry, which 
can be easily verified using (^). So, to find out the 6*^2 dependence of the hypermultiplet 
propagator, it is enough to replace x\2 by x\2'- 



G(1'1)(1|21 - ^ ^^^^ 



(129) 



In deriving this two-point function we have only used the dilation part of the superconformal 
group. In fact, since the result is unique, it is guaranteed to have the right superconformal 
properties (|121| ) of the propagator (this can also be checked directly). Further, so far we have 
only solved the H-analyticity constraint ( 120D at the lowest (leading) order of the expansion. 
One might try to argue that since the left-hand side of eq. ( |120D is itself an invariant of Q 
supersymmetry, it is sufficient to check H-analyticity in the Q frame (i.e., in the absence of 0"^). 
However, this argument is not safe here. Indeed, in the expansion of the two-point function 
there are harmonic singularities of pole type (e.g., (12)~^), on which the operator d'^^ creates 
a delta- type singularity (recall (|102D). In such a situation we will not be allowed to use the 



^As a simpler example of this trick, consider translation invariance for a set of two space-time points x\^X2- 
By means of the finite translation P : 2:2 = 2:2 + a = we can go to a P frame in which only x\ survives. Then, 
to restore manifest invariance, we make the same shift on x\: x'l — xi + a = xi — X2 = x\2- 
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supersymmetry parameter ( 126 ) which itself contains harmonic poles. A safe way to extend 
H-analyticity to all orders in the expansion by means of the transfor mati on ( |126| ) is to use 
the alternative form of the H-analyticity constraint involving D (see ( |114D ). We shall come 
back to this important point in the next subsection. 

Knowing the hypermultiplet propagator, we can easily predict the general form of correlators of 
two or three composite operators made out of hypermultiplets. Take, for instance, the two-point 
function 

G(2'2)(1|2) = (Tr (5~+(l))'Tr(g+(2))') . (130) 

Note that it has charges +2 at each point matching the number of elementary hypermultiplets in 
each composite operator. One can imagine this correlator in the context of = 4 super- Yang- 
Mills theory, where a hypermultiplet in the adjoint representation of the gauge group interacts 
with the N = 2 super- Yang-Mills gauge potenti al. S ince the A = 4 theory is finite (conformally 
invariant), we can demand that the correlator ( |130| ) be superconformally covariant, 

6G^^'^\l\2) = -A • dG^^'^\l\2) + 2(A(1) + A{2))G^^^^\l\2) . (131) 

In addition to this, the correlator should be H-analytic. Indeed, let us differentiate it with the 
harmonic derivative D"''^.^ Since D^~^ is the operator of the free field equation (|90|) for the 
hypermultiplet, one can argue that such a differentiation will give rise to a Schwinger-Dyson 
equation for the correlator: 

Z?++G(2'2)(1|2) = contact terms . (132) 

Since the composite operators are bilinear in this case (charges +2), equation ( [13 21 ) can also be 
interpreted as a Ward identity. Indeed, the bilinears q~^q'^, q^q^ and q'^q'^ are the currents of 
an extra SU{2) symmetry of the A = 4 theory realised in terms of A = 2 superfields^. So, in 



this case eq. (132) corresponds to th e cu rrent conservation law. In the context of this paper we 



treat contact terms as zeros, so eq. ( |132D takes the form of an H-analyticity condition: 

Z)++G(2'2)(i|2) = for points 1/2 (133) 

(and similarly at point 2). Since the product of two H-analytic functions is H-analytic as well, 
we immediately find an obvious solution to this constraint as the square of the hypermultiplet 
propagator, 



G(2'2)(i|2) = C^ (134) 

"^12 



where C is a constant. In fact, this is the general solution. The argument is as in the case of 
the propagator. One first examines the leading component G^'^''^\9f = 62 = 0). The constraint 
(|133| ) fixes the harmonic dependence since the combination (12)^ is the only SU{2) invariant 
of charges (2,2) annihilated by d~^~^. The dependence on is determined by simple dilation 
covariance. Finally, with two G-analytic Grassmann variables we already know that the 

complete dependence is fixed by Q supersymmetry alone, by just putting a hat on x^g- It 
should be mentioned that the above considerations cannot predict the value of the constant in 



''The traces in (130) make the composite operators gauge invariant, so we can use a flat (no gauge 

connection). 



5 



In fact, this symmetry is the visible part of the full Sf/(4) R symmetry of the A'' = 4 theory. 
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(|134 )- In principle, it might receive quantum corrections at each level of perturbation theory, 
but it can be shown that this type of correlator is protected by a non-renormalisation theorem 

Next we turn to three-point correlators. As an example, take the correlator of three currents, 
i.e. bilinears made out of hypermultiplets: 

G(2.2.2)(i|2|3) = (Tr(g+(l))'Tr(g+(2)g+(2))TV((z+(3))') (135) 
and subject to the requirements of H-analyticity 

£)++G(2'2'2)(1|2|3) = for points 1/2/3 (136) 
and of superconformal covariance 

(^G(2'2.2)(i|2|3) = _A . 9G(2'2.2)(i|2|3) + 2(A(1) + A(2) + A(3))G(2'2:2)(i|2|3) . (137) 

Just as for G*^^'^'*(l|2) above, it is obvious that the product of three propagators 



^12 ^23 -^31 



(138) 



satisfies both requirements. To prove its uniqueness, we argue as follows. Firstly, at the lowest 
level in the 6^ expansion there is a single SU (2) invariant combination of the three harmonics 
with the right charges and vanishing under Df~^, namely (12)(23)(31). Secondly, the space-time 
dependence is now determined by the full conformal group (and not just dilations, as for two 
points). It is well-known that there exists no conformal invariant made out of three space-time 
variables, therefore the product 2:12^2:23^3^31^ is the only function with the required conformal 
properties. Finally, we have to show that putting hats on the x's gives the unique completion 



of the leading component to a full superfield. Before we did this by using the Q frame (127) in 
which the two Grassmann variables had been eliminated. Now we have three ^"'"'s, and the Q 
supersymmetry parameter e* alone is not enough to shift away all of them. This time we have 



to invoke S supersymmetry as well. Looking at the transformation law of 9^ in (89) we see that 
S supersymmetry acts essentially as a shift (although non- linear), provided that the matrix x'^ 
is invertible. Then the combination of Q and S supersymmetry makes it possible to find a 



Q&S frame: (0+°'")' = (0^"'")' = (e^'")' = (139) 

in which there are no 0^'s left.^ So, if there existed another superfield completion of the leading 
component above, their difference would be a nilpotent (i.e., proportional to 9~^) superconformal 
covariant. But such an object would vanish in the Q&S frame, therefore it must vanish in any 
frame. So, H-analyticity and superconformal covariance can predict the form of the three-point 
correlator up to a constant factor. Once again, it turns out protected by a non-renormalisation 
theorem [||, ^. 



3.4 Four-point correlators 
3.4.1 Preliminaries 

The main subject of interest in this paper are four-point correlators of hypermultiplet bilinears 
of the type, e.g., 

''In fact, the S supersymmetry parameter rj^ is an 517(2) doublet, just as e'. Using both of them we can shift 
away up to four 6^ , as we shall do in the four-point case. 
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G(2.2-2,2)(i|2|3|4) = (TV(g+(l))'Tr(g+(2))'Tr(g+(3))'Tr(Q+(4))') (140) 
satisfying the requirements of H-analyticity 

^++(^(2,2,2,2)^^|2|3|4) ^ for points 1 / 2 / 3 / 4 (141) 
and of superconformal covariance 

<5G(2,2,2,2)(^|2|3|4) ^ _x . 5G(2'2.2:2)(i|2|3|4) + 2(A(1) + A(2) + A(3) + A(4))G(2.2'2,2)(i|2|3|4) . 

(142) 

Compared to the two- and three-point cases above, the structure of the four-point correlator 
is considerably richer, for two main reasons which can be seen at the lowest level in t he 6 ^ 
expansion. Firstly, now there exist three independent harmonic combinations satisfying ( |141| ): 



(12)2(34)2 , (14)2(23)2 , (12)(23)(34)(41) . (143) 
Any other combination can be reduced to these by means of the harmonic cyclic identity 

(12)(34) + (13)(42) + (14)(23) = (144) 

following from the property of the e*-' contraction. Secondly, given four space-time points, one 
can construct two independent conformal invariants]^ the cross-ratios 

9 9 9 9 

, = ^14^ , t = ^13^ . (145) 



Consequently, the most general form of the leading component of the correlator (140) consistent 
with H-analyticity and conformal covariance is 

(12)^(34)2 (14)2(23)2 (12)(23)(34)(41) 

— a(s, t) H — 6(s, t) H — — c(s, t) . (146) 



Here we see the three independent harmonic structures (143) completed to product of propa- 
gators. Such products already have the required conformal properties of the correlator, so the 
only freedom left are the three arbitrary coefficient functions a, 6, c of the invariant cross-ratios. 
Our aim will be to find constraints on these functions following from the full implementation of 
H-analyticity combined with superconformal covariance. 

The first step is to argue, just like in the three-point case, that there exists a special frame in 
superspace in which there are no left: 



Q&S frame: {Of^'^)' = (0+"'")' = (e^"*'")' = (0^"'")' = . (147) 

As explained above, this can be achieved by fully exploiting the four spinor parameters contained 
in the doublets e* of Q and rf of S supersymmetry to shift away all four 9^ . The existence of such 

'^Here is a simple explanation, very much in the spirit of the Q&S frame argument above. The translations P^j 
and the conformal boosts act on as linear and non-linear shifts, correspondingly. So, the combined action 
of both of them can define a special P&K frame in which there are only two out of the four space-time variables 
Xi 2 3 4, Isft- Out of them we can make three Lorentz invariants (the two squares and the scalar product). Finally, 
dilation invariance requires that we take the two independent ratios of those. 
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a frame implies that the completion of the leading component ( |146| ) to a full superfield is always 
possible and is uniquely determined by Q and S supersymmetry. To obtain this completion one 
could, in principle, find the finite transformation to the frame ( |147| ). However, unlike the case 
of the linear Q supersymmetry, S supersymmetry acts on the coordinates in a very non-linear 
way and the practical realisation of this step is not at all easy. Fortunately, as we shall explain 
below, for our purposes we shall only need to know the first non-trivial level in the expansion 
of the correlator. 

The above discussion makes it clear that no further constraints on the coefficient functions a, 5, c 
originate from conformal supersymmetry alone. This only takes place when we try to impose 
H-analyticity. There are two possible approaches in doing so. One is to use the form ( |141| ) of 
the constraint and try to solve it level by level in the expansion. The problem here is that 
this expansion is very complicated (assuming that we have already found it, which is in itself 
not an easy task). A much more efficient approach is to use the alternative form 



(I)^")3g(2'2'2'2)(1|2|3|4) =0 



(148) 



The advantage is that we can study this constraint in the Q&S frame (|147| ) where there are no 
^"'"'s. This results in substantial technical simplifications. The same trick is n ot a llowed in the 
form (141) because of the harmonic singularities (see the discussion after eq. (|129|)). 



3.4.2 An example of H-analyticity in the Q frame 

In order to better understand the idea of this approach, we are going to redo the derivation 
of the propagator ( 129 ), but this time starting form the alternative form of the H-analyticity 
condition 



(Df-)2G(i'i)(l|2) =0. (149) 



We begin by going to the Q frame ( |127| ). There the left-hand side of eq. ( [L49D does not depend 
on 6^ but can still depend on 0~ . In particular, since the operator D converts into 0~ (see 
( |109| )), some terms in the 6*+ expansion of G(^'i) may survive the transformation ( |125| ), ( |126| ). 
Therefore we should proceed in the following order. 

Step 1. Expand G*-^'^^ in 9^ up to the order 0^9^ (still in the old frame): 

Q{i,i) = ^(1,1) (x?2, ui, ns) + e^"^T"7i^'''^(x?2, ni, U2) + . . . (150) 

There is no need to keep terms containing 62 or higher orders in Of because they cannot be 
"rescued" by {D~^ )^ and will vanish after the transformation to the Q frame. Indeed, the 
function G*^^'^^ carries no R weight, so the Grassmann variables have to appear in its expansion 
in pairs 9^0^ . So, only the term 9^9^ =^ ^1^1 can survive in the Q frame. 



Step 2. Differentiate the expansion ( 150 ) with (D^ )^ keeping only terms without any 9^. The 
expansion of [D^ )^ is 



{D^-f = {dr? - ^iO^PAd^- + {O^d^ + 0^3^ f ~ 2{9^f{0^fai . (151) 

We have dropped the terms linear in 20^ + 9^d^ b ecause they only convert one 9f into 9^ , 
and the remaining Of in the bilinear combination will vanish in the Q frame. When applied to 
( |15C| ), this operator gives 
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2^(1.1) 

■1 ) 



-aa-OL _ .« „(1,1) 



+^''' terms 

= . (152) 

Step 3. Make the transformation to the Q frame. The left-hand side of eq. ( |152| ) is supercon- 
formally covariant, so it is multipHed by the weight factor A(l) + A(2). Since it is supposed 
to vanish, this transformation just amounts to neglecting all the dependence (already taken 
into account at steps 1 and 2). 

The resulting constraint ( |152| ) involves three levels in its Q~ expansion. 
LeveJ or {Q-Q-f: 

(5r-)V'''H^?2,^i,^2) = ^ = mg{x\^ . (153) 

This constraint uniquely fixes the harmonic dependence of the component g^^'^-*. The combina- 
tion of harmonics (12) = u\^u^^ is the only one which is SU(2) invariant, has the right charges 
and is annihilated by the lowering operator {d^ )^. 

Level 1 or (61-^-)^: 

7^a&'^\xl2,ui,U2) = 2idiaadi~g''^'^Hxl2,ui,U2) = 2i{l2)di aa oix^) ■ (154) 
Level 2 or {9-9- f: 

□i<7(^'i)(x22,Ui,U2) =0 ^ Uig{xl2)=Q ^ 5(a^?2) = -^ (155) 
where C is an arbitrary constant. We recall that we are only interested in the two-point function 



away from the coincident point, so we can drop the delta-function 5{xi2) in ( 155 ). 

We should mention that in this example we have made no use of conformal invariance or S super- 
symmetry. Actually, this two-point function is in a sense overdetermined. We have already seen 
that by imposing H-analyticity just at level and then invoking dilation covariance (part of the 
conformal symmetry), we arrived at the same result. This, however, is an exceptional property 
of the propagator (the charges +1 two-point function). The typical situation is illustrated by 
the charges +2 two-point function (134). It is not hard to show that it remains H-analytic to 



all orders in the 9 expansion even if we replace the denominator by any function of £^2- So, 
its form cannot be determined without some extra input (dilation covariance in this case). The 
explanation of this fact can be traced back to the different implications of H-analyticity for 
superfields of charges +1 and +2: for the former it is an on-shell condition and for the latter an 
off-shell one (see (|lCi5|) , ([lO^ )). 



Let us summarise the above example. Using the Q frame we have been able to solve the H- 
analyticity constraint ( [L49D to all relevant orders in the 9 expansion. In the process we only 
used the 9~^ expansion of the two-point function G^^'^^ to the first non-trivial order (level 1) (see 
( |15C| )). At no point we encountered delta- type harmonic singularities which cannot coexist with 
the singular nature of the transformation to the Q frame. On the contrary, starting with the 



form (120), we would have to find out the 9^^ expansion of G^^'^-* to all orders (in this case it 
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can go up to level 4) and then solve the H-analyticity constraint order by order. The technical 
advantages of the use of the alternative form of the H-analyticity constraint and of the Q (or 
Q&S) frame result in major simplifications in the case of the four-point function. 



3.4.3 Superconformal covariance at level 1 



Now we come back to the four-point function (|140| ). Eq. (146) represents the solution to the H- 
analyticity constraint and to the conformal cova riance condition at level 0. We have also argued 
that the possibility to go to the Q&S frame (147) guarantees the existence of a unique completion 
of this level component to a full superfield. The way to find this completion consists of two 
steps. The first is to put hats on all the x's in the denominators, thus reconstructing the products 
of full propagators. We already know that such products have the required superconformal 
properties of the correlator. The second step is to complete the conformal cross-ratios s and t in 
the coefficient functions a, 6, c to full superconformal invariants s and t. Then the full correlator 
consistent with superconformal symmetry will have the form 



^(2,2,2,2)(i|2|3|4) 



(12)^(34)^ 



, (14)^(23)\ ,. , (12)(23)(34)(41) 
-a{s,t)-\ r^r-n b{s,t) -\ „ „ — c{s,t) . (156) 



*4 ~4 



"1 ^1 "1 "2 

ry*^ ry^^ ry^*-^ ry>^ 

■^12''^23-^34-^41 



To find s and t to all orders in the four 0+'s is a very non-trivial task (the expansion goes up 
to level 8, although Q supersymmetry helps bring it down to level 4). Fortunately, the example 
above has taught us that we only need one level 1 term. So, we are looking for s in the form 



+ E 



'5a6aae"fc+" + O((0+^+)') 



(157) 



What we really need is just the coefficient 544 ao- Indeed, although the three derivatives {D^ )^ 
in ( |148D can convert a maximum of three Q'^ into 0^, only the term Q^QX =^ ^4'^4r can survive 
in the Q&S frame. 

The coefficient 544 can be solved for from a set of linear equations. It is obtained by performing 
a combined Q ( |88|) and S (39) supersymmetry transformation on s and demanding that it be 
invariant. In doing so we shall only keep the terms linear in Q\ since only they involve the 
coefficients Sa^'- 



4/3' 



K-J^U -^Si/ aa a=l 



9+" = . 



(158) 



Here (e, 7?)^ = u^-{e,riy. Removing 6J^" and the independent parameters e, ry from ( |158|) , we 
obtain four linear equations (one for each harmonic projection of the two parameters) for the 
four coefficients Sai- 



AisX2 - ^(a4)Sa4 = , ^(4-a)5,4 = , 



a=l 



a=l 



(12)X24524 + (13)X34534 = , (21)xi4Si4 + (23)x34534 = . 



(159) 
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Here and in what follows we use the vectors 



Xi4 X24 ^ 3^14 2^34 ^ 3^34 3^24 .-,„„\ 

Al — — 2 2~ ' "^2 — — 2 2~ ' "^3 — — 2 2~ [LW) 

•^14 3-24 •>^\/l ■''34 3,34 X24 

having the useful properties 

2X1 • _ 1 + g - t 2X2 • _ 1 - g - t ^^g^^ 

-X^3 s ^^3 ^^3 ^^3 



Solving eqs. ( |159D is a straightforward calculation. The result for the coefficient S44 is 
(12)2(34)2y 



544 = -(12)(13)(23)tX3 

- [(12)(13)(23)s + (12)2(34)(34-)s 

+ (12)(23)(34)(14-)(l + s-t) + (14)(14-)(23)2]X2 (162) 



where 



V 1 I l + ^-y . I ,r (14)(23) 



Note that the vector ( |162D can be rewritten in the equivalent form 

I- ^44 = --dl-\{\2)\MfY\X^ + (12)(13)(23)[-tX3 + -^iX - s - t)X^\ • (164) 

In in a similar manner we can find the relevant term in the expansion of t 

4 

a,6=l 



The result for r44 can be easily obtained from (162) by exchanging 1 <-> 2 which implies s ^ t, 
Xi ^ -Xi, X2 ^ -X3, Y ^ s/t Y. 

The expansion of s, i is not the only source of OtOt terms. Another contribution comes from 



4 ^4 

expanding £^4, a = 1, 2, 3 in the propagators in (|15 



xli = - 4.i^^^etxa4et + ... (166) 

(recall (|128D). Collecting all of these contributions, we can write down 



G(2'2.2,2)(i|2|3|4) = 



(-,(2,2,2,2) 



+ 



level 
3 



a=l 



{a4- 



"3;a4 



(167) 



/ + n-(/,544 + /tT44) 
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Here 11 • / is a shorthand for the product of propagators (H) and coefficient functions (/) in (|l5q ) 
and fs,t = p.f / d{s, t). This accomphshes Step 1 of our programme for imposing H-analyticity in 
the form (1l48|). 



3.4.4 Constraints from H-analyticity 



Step 2 consists of differentiating the expression (167) with the operator (D 



+ irrelevant terms . (168) 



The irrelevant terms in ( |168D are those whi ch c onve rt an odd number of 9^ into 9^ and thus 
disappear in the Q frame. We then apply ( [168D to (|167D and collect all the terms at levels 0, 
1 and 2. In fact, we have already solved the H-analyticity constraint at level in ( |146| ) . So, it 
remains to examine the constraints at levels 1 and 2. It is not hard to see that they take the 
form 



Level 1: d^' A^' = , (169) 

Level 2: d^^A^" = (170) 

where 

= -id^dl (n • /) - 4i 5^ i^x::^^ • / + n • {f,s^,, + f^n,) . {m) 

After some simple algebra and using the relations 

d^s = -2sX^ , = 2tX^ , (172) 

we obtain 



A^ = — (^^)(^3)^(23) ^ [2zsX^d^-U + S^,U] • /, + [-2itX^d^-U + T^,U] • ft . (173) 

S ^12''"34 



The terms in the brackets are computed with the help of (164), e.g. 



[2isX2drU + Sun]-fs = 2isX2il2)\3AfY d,- (^ ^^^y'^lyy ) ^^^^^ 

+ 4i(12)(13)(23)[-tX3 + i(l-s-t)X2] ^'-^^ 



2' ' (12)2(34)2y • 

Further, it is convenient to use the harmonic cross-ratio U introduced in (|163| ) and rewrite 



30 



424a 1 + + if/2 ' 



(12)2(34)2y 

after which the harmonic derivative in (|174[) can be computed using the identity 

(12)(13)(23) 



(175) 



^12)2(34)2 



Repeating the same procedure for the other bracket in ( |173| ) and cohecting ah the terms pro- 
portional to the vector X2, we obtain the following contribution to the vector A^: 



2i 



(12)(13)(23) 

4 4 
^12^34 



- + Po- 



1 + 



l+s-t 



C/+it/2 



(176) 



where 



Po = Cs + 2(1 - t)a, - 2tat , 

2, 2t s + t-1 

f3i = 2a, - -bs + —ct + Cs , (177) 

s s s 

R 2 2t 1 

= Os T^h Cs . 

We still have to compute the X3 contribution to j4^, but even before this we can already 



impose the level 1 constraint ( 169 ) on the X2 contribution (the vectors X2 and X^ are linearly 
independent and X2 = X^ = 0). The first term in ( |176D does not depend on U4. The 
second term is the ratio of two polynomials of degree 2 in the cross-ratio U. It is easy to see 
that its derivative vanishes only if the two polynomials are equal, 

l + ^U + ^U' = l+^-±^U + ^U\ (178) 

Po PO s s 

Comparing the coefficients in front of U and U^, we obtain the following constraints: 



Cs = {t- l)as + tat - bs - -bt , 

s 

Ct = -sas - sat + bs + bt (179) 

s 

constituting our main result. This is a set of two linear first-order partial differential equations 
for the three coefficient functions a, b, c. These equations can only determine two of the three 
functions. Indeed, let us make the change of variables 

1 t — s — 1 

a = a + 7 + -6, c=-s-f-\ 6, (180) 

s s 

after which (|17S|) becomes 
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Is = -Ois - at , 

t'yt + 7 = sOs + (s - l)at 



(181) 



and we see that b has dropped out. The set of first-order coupled differential equations ( |181| ) 
can be equivalently rewritten as a set of second-order independent ones: 



soss + tatt + {s + t- l)ast + 2{as + at) = , 
s-fss + t-ftt + {s + t - l)jst + 2{js + It) = 0. (182) 



These constraints are the same as eqs. (79) obtained in section 2 in the coordinate approach. 



To compute the contribution to proportional to we go through the same steps. This time 
we do not find any new constraints. The final form of the vector is 

/ \ 
A^ = 2i(12)(13)(23) A^^ + B^\- (183) 

where 

A = scs + 2{l-t)sas-2stat + c , B = {a + 2sas + 2sat) . (184) 

s 

The remaining step is to impose the level 2 constraint ( |170| ). This is facilitated by the useful 
property 



of the basis vectors i n (|183D , s o we only have to differentiate the scalar coefficients A and B. 



Using the identities ( |172D and ( 161 ), we obtain the constraint 

t . „ 1 — s — t f t . s 



di^A^' = {) => --As-Bt + l-At + -Bs]=0. (185) 



Making the change of variables ( |180D a nd af ter some algebra we discover that this is a corollary of 
the second-order differential equations ( |182| ). So, level 2 does not give rise to any new constraints. 



4 Conclusions 

We see that using either method of analysing analyticity for the four-point charge 2 correlator 
leads to the same result: The requirements of H-analyticity and superconformal covariance yield 



constraints which fix the form of the four-point correlator (140) up to an arbitrary function 
of the conformal cross-ratios. An interesting solution to these constraints is provided by the 
explicit computation of the correlator at two loops carried out in |l^ . The result for the level 
component is 



$(s,t) 



(12)^(34)^ , (14)^(23)^ , (12)(23)(34)(41) 

44 44*"'" 2222 V 

•^12''^34 "''14-^23 '''12-^23-^34''^41 



(186) 
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Here ^{s,t) = ^{t,s) = ^^{^, -f) is a function given by the one-loop scalar box integral. This 
solution is symmetric under the exchange 1 <-> 3 and is determined by the asymptotic behaviour 
lim^j4^o c(s, t) = (see Q for details). It is interesting to note how the result (186) was obtained: 
the two-loop calculation in |^ only provided us with the explicit form of the first two terms in 
(|18(^); the third term was given as a complicated two-loop integral; the subsequent use of the 



differential equations (182) in conjunction with the boundary conditions following from the 
known asymptotic behaviour of the two- loop integral allowed us |13] to solve for the third term 
as in (186). 

We have shown for a number of cases that harmonic analyticity at all orders in an expansion of 
a correlator in the odd variables is assured by the constraints arising from the lowest and the 
linear order. We conjecture that this is a general feature. 
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